A closed-form expression is obtained for the generating function of close-packed dimers on a 2M × 2N simple quartic lattice embedded on a Möbius strip. The finite-size corrections are also analyzed and compared with those under cylindrical and free boundary conditions. Particularly, it is found that, for large lattices with a square symmetry and the Möbius boundary condition, the number of dimer configurations is 70.2% of that under the cylindrical boundary condition. Results for the Klein bottle are also given.
Introduction
It is well-known that the problem of closed-packed dimers on planar graphs can be solved, meaning that its generating function can be formulated as a Pfaffian, the square root of an antisymmetric determinant [1] . This leads to the possibility that the generating function can be evaluated in a closed form for lattices with periodic structures. Indeed, Kasteleyn [1] has succeeded in obtaining the closed-form expressions of the generating function for the simple quartic lattice with both free and periodic boundary conditions, and McCoy and T. T. Wu [2] extended the result to cylindrical boundary conditions. Temperley and Fisher [3] , and Fisher [4] have also solved the free boundary case independently, although the generalization of the field-theoretic approach used in [4] to general graphs is less apparent.
While the solutions under various boundary conditions yield the same per-site generating function in the bulk limit, their finite-size corrections are nevertheless different. In this context there exists a unique boundary structure, namely, the Möbius boundary condition, which has escaped heretofore attention. The Möbius boundary condition is one produced by embedding a lattice on a Möbius strip, a nonorientable surface which has a single side and a single boundary edge. In view of the increasing interest on finite-size corrections, particularly their interplay with the conformal field theory [5] , it is of pertinent interest to study lattice models on Möbius strips. In this Letter we consider this problem. We solve exactly the dimer statistics for a simple quartic net embedded on a Möbius strip. We also analyze its finitesize corrections and compare with those obtained under other boundary conditions.
Formulation
Consider a 2M × 2N simple quartic lattice L embedded on a Möbius strip. Here, for convenience, we assume the number of sites be even in each direction. The Möbius strip of length 2N and width 2M is shown in Fig. 1 , where repeated sites are denoted by open circles. We consider close-packed dimers on L.
Let the dimer weights be z 1 and z 2 , respectively, for dimers in the horizontal and vertical directions. We need to evaluate the dimer generating 
where n h and n v are, respectively, the numbers of horizontal and vertical dimers subject to the sum rule n h + n v = 2M N . The summation in (1) is taken over all close-packed dimer configurations.
A key element in the Pfaffian formulation of the generating function is to orient edges of L such that every superposition polygon, formed by superimposing two dimer configurations, must contain an odd number of arrows in the clockwise direction, the clockwise-odd rule. Kasteleyn [1] has shown that when this rule is satisfied, then the generating function of closepacked dimers can be written as a Pfaffian. For the Möbius strip L, it can be shown that the clockwise-odd rule is satisfied if we adopt the edge orientations shown in Fig. 1 . Then, we have the result
where A is a 4M N × 4M N antisymmetric matrix whose elements can be read off from Fig. 1 . To see the general structure of A, however, it is instructive to first write down the matrix A in a simpler case. For this purpose consider the 2 × 4
Möbius strip (M = 1, N = 2) shown in Fig. 2 . Reading off from Fig. 2 , we obtain
and hence Z M ob
a result which can be verified by explicit enumerations. To write down A for general M and N , we adopt "dimer cities" formed by pairing sites {2n, 2n + 1}, n = 1, 2, · · · , 2M N as indicated in Fig. 1 , and introduce 2 × 2 matrices
Further introduce N × N matrices
and the 2M × 2M matrix
Then, the matrix A can be written in terms of a linear combination of direct products of smaller ones,
where
K T N is the transpose of K N , and I N is the N × N identity matrix. Note that the first two terms in (8) are the corresponding A matrix for free boundary conditions.
Evaluation of the determinant
Now J 2M commutes with F 2M − F T 2M , and as a result they can be diagonalized by applying a common similarity transformation. Introducing the 2M × 2M matrix U whose elements are
we find
Thus, we can replace the 2M × 2M matrices in (8) by their respective eigenvalues, and express det|A| as a product of the replaced determinants. Since cos φ m = − cos φ 2M −m+1 , the perusal of (11) indicates that the determinant for m = 1, 2, ..., M is, respectively, the complex conjugate of the determinant for m = 2M, 2M − 1, ..., M + 1. However, as we shall see in (17) below, the determinant for each m is real positive. It follows that we can restrict the product to m = 1, 2, ..., M and write, after taking the square root of det|A|,
Introducing (9) and the N × N matrix
we can rewrite (13) as 
It follows that we have 
This is the desired expression for the generating function (1). It is readily verified that (17) reduces to (4) when M = 1, N = 2. As a comparison, the generating functions for the 2M ×2N simple quartic lattice with free boundaries [1] and cylindrical boundary conditions (periodic in the N direction) [2] are, respectively,
For completeness we have also evaluated the generating function for close-packed dimers on a 2M × 2N lattice embedded on a Klein bottle, a nonorientable surface which, like the Möbius strip, has only one side but has no boundary edges. The Klein bottle is constructed by connecting the upper and lower boundaries of the lattice shown in Fig. 1 in a periodic fashion by inserting 2N extra vertical edges (oriented reversely). We find, in place of (8), the matrix
where A is given by (8) . The determinant of A Klein can be evaluated in a similar fashion whose square root now yields
The similarity between expressions (17) - (20) is striking, the only difference being the trigonometric factors which can be associated to the respective boundary conditions. All four expressions gives rise to the same bulk "free energy"
Particularly, the number of ways W 8×8 that an 8 × 8 
4 Finite-size corrections
For large M and N , we expect to have
where c 1 , c 2 and c 3 are constants dependent at most on
the aspect ratio. The computation of finite-size corrections for products of the form of (17) is standard [4, 6] , and is outlined in the following. We first take out a factor z 2M N 1 in (17) and carry out the product over n by introducing the identity [7] N n=1
with α = π/2N . This leads to
or, explicitly,
It follows that we have
(29) We next carry out the summations in (29) using the Euler-MacLaurin summation formula
with a = 0 and δ = π/(2M + 1). The first term and the leading contribution of the second term in (29) lead to the following alternate expressions for the bulk free energy,
where the second line is written down by symmetry. Corrections to (31) are now obtained by carrying out small δ expansions. After some manipulation following [6] , this leads to the following for the Möbius boundary condition:
where ϑ 3 is the theta function
with q = e −πξτ /2 . Note that c M ob 2 = 0 is a consequence of the fact that there is no boundary edge in the M direction.
For the cylindrical boundary condition periodic in the N direction, one has in place of (26) Then one finds after some algebra the results
Möbius Klein
Free Cylindrical c 1 c M ob
Our values of ∆ 1 and ∆ 2 are consistent with the findings of [5] that the cylindrical (periodical) boundary condition (in the lateral direction of an infinite strip) is different from the free or fixed, now including the Möbius, boundary conditions. While it is tempting to extract the central charge c from ∆ 1 and ∆ 2 resulting in c = τ and τ −1 , respectively, for the two limits in (39), we remark that the extraction is superfluous since results of [5] apply to systems at criticality while the present dimer system does not exhibit a critical point. Note added: After the submission of this paper we learned of a recent preprint by Tesler [8] in which the dimer generating function Z M ob (M,N ) (z 1 , z 2 ) for the Möbius strip is enumerated for all M, N (even or odd) as linear combinations of 2 Pfaffians with the results given in terms of a q-analogue of the Fibonacci number. We have verified that for M, N even Tesler's result is the same as our expression (17) which is more concise and revealing. For M odd and N even, the solution is also given by (17) with the product over m taken from 1 to (M + 1)/2 after replacing 2M → M and 2N → N ; for M even and N odd, however, the solution assumes a more complicated expression [8] .
Acknowledgement
This work has been supported in part by National Science Foundation Grant DMR-9614170. We thank R. P. Stanley for calling our attention to Ref. [8] and P. Kleban for an enlightening discussion on the connection with the conformal field theory.
